Introduction
The aim of this paper is to introduce an endomorphism based upon the Eisenstein homology. The Galois homology was previously well worked out and the Eisenstein cohomology was extensively studied, but it seems that the Eisenstein homology was never taken up.
Considering that the Galois homology results from a Galois antiautomorphism, it is proved that every endomorphism, generated from a Galois antiautomorphism, can be decomposed into the direct sum of a Galois homology and of its complementary Galois cohomology.
All developments are initiated from a polynomial ring A[x 1 , ..., x m ] in m indeterminates whose specialization is compelled to generate a sequential and graded sheaf of rings θ m .
Part I gives algebraic basic notions necessary to generating a graded sheaf of rings from a Galois extension, i.e. essentially a specialization, called emergent, from a ring of polynomials A[x 1 , ..., x m ] giving rise to a set of compact connected algebraic subgroups which correspond to the different sections of the sheaf of rings θ m . Part II refers to the introduction of the Eisenstein homology based upon a Galois antiautomorphism.
Part III gives the conditions of an endomorphism generated from a Galois antiautomorphism.
Graded sheaf of rings from Galois extension

Preliminaries.
Let 
Let b 1 ⊂ ... ⊂ b n be a chain of distinct prime ideals of the discrete valuation ring B obtained under the action of the Galois group Γ. Proof : Let K be a field of characteristic zero on which a discrete valuation ν is defined having valuation ring 
If G µ is an algebraic group formed by unipotent matrices, G µ is nilpotent and can be triangularized. Furthermore, a connected resoluble group is direct product of a maximal torus by the subgroup of its unipotent matrices, its maximal tori being conjugated by interior automorphism. Consequently, P µ is a resoluble subgroup of G µ .
Let (z 1 , ..., z m ) be the set of coordinates of a point P ∈ S Rµ and ||z|| ν = |z|
Nν ν
where N ν is the order of valuation. Then, the height of a point P , H(P ), given by the formula H(P ) = ν sup i ||z i || ν [6] , corresponds bijectively to the radius of exjection r(P ) of this point P . Indeed, the height H(P ) and the radius of exjection r(P ) result directly from the emergent specialization A Tµ and from the automorphism group Γ µ . Let us note that the symmetric space S Rµ is also generated by an emergent specialization since a valuation ring is always a specialization ring according to the theorem on the extension of specializations in algebraic geometry [1] . 
Definition 7. Under the emergent specialization
Let n bµ ∈ N be the residue degree of b µ under the Galois extension :
. In the unramified case, i.e. when the ramification index e bµ = 1,
Consider that the valuation operates sequentially and gradually on each section of the sheaf of rings θ m in such a way that : 1) There is a graduation on the residue degrees n bµ of each section s µ such that if n bµ is the residue degree of the section s µ and n b µ+1 is the residue degree of the section
2) There is topological embedding between sequential sections, i. The boundary ∂S R of the Borel-Serre compactification [9] i : S R →S R is stratified by proper parabolic subgroups P (A) such that ∂ p S R be a sequential module defined over K and that ∂S R = P ∂ p S R . As developped by G. Harder in [10] , let Ξ H f be the finite set of double cosets P (A f )\G(A f )/H f for any place f in the adele ring A. Then, we have the following decomposition for the Eisenstein Cohomology [11] :
where H * (ũ p , θ m ) is the Lie algebra cohomology referring to unipotent algebraic group U/K with U given as usual by the set U = {U 1 , ..., U µ , ..., U q }.
Considering that the sheaf of rings θ m is a module for the algebraic group Gx K L, after passing to the limit, it becomes a π 0 (G ∞ )xG(A f ) module, and we get :
for all induced representations of the cohomology. Let ω ν = {ω 1ν , ..., ω µν , ..., ω qν } be the action of the Weylgroup on λ ν ∈ X(θ m ) and Φ ν = ω ν λ ν be the corresponding algebraic Hecke character [12] on θ m . Then, the Eisenstein cohomology H * (∂ P S, θ m ) decomposes into one dimensional eigenspaces according to a theorem of Kostant [10] :
Definition 14. Let K be a field of characteristic zero, L an algebraic extension of K and G(L/K) the corresponding Galois group. This group G(L/K) = Aut K L acts transitively on the right on the set of prime ideals b of B dividing a given prime ideal p of the discrete valuation ring A (see definitions 2 and 3, [13] and [14]). The ring B/pB is an A/p-algebra of degree n = [L : K].
From the Galois automorphic group G(L/K), it is possible to define a Galois antiautomorphic group G * (L/K) = Aut K L acting transitively on the left on the set of prime ideals b of B. A subring B ⊂ B is then characterized by a descending chain of distinct prime ideals : 
This implies that inverse elements of the connected resoluble subgroup P have to be considered such that
and where U * is the inverse of the unipotent radical U of the Galois extension L/K and is represented by the unitrigonal group UT (M) −1 .
According to lemma 6, one has furthermore that :
where (ν − ν * ) refers to a decreasing valuation associated to a Galois antiaut. Then, the Eisenstein homology, corresponding to a Galois antiaut., is given by (in analogy with the Eisenstein cohomology) :
where H * (ũ P * , θ * m ) is the Lie algebra homology referring to unipotent algebraic group U * /K.
Proof : The proof is obvious by considering preceeding sections.
The sheaf of rings θ * m is then a tensor product : We then have the following decomposition for the smooth endomorphism E t [G(A)] : 2) The groups SO(2p, R) ∈ H * ⊂ G * (A) and SO(2p + 1, R) ∈ H I ⊂ G I (A) t have the same rank p but different orders given by m = 2p or m = 2p + 1 respectively. Indeed, if the groups SO(m, R) had the same order, this should mean that the map E t [G(A)] would be the identity map and that (G * (A) ⊕ G I (A) t ) would not be more the direct sum of two distinct connected algebraic groups G * (A) and G I (A) t but would define a unique connected algebraic group G(A).
Endomorphism from Galois antiautomorphism group
3) The fact that the spaces ∂S * R and ∂S R (I) are defined respectively by means of the groups SO(2p, R) ∈ H * and SO(2p+1, R) ∈ H I with different orders results directly from the reduction steps of Hilbert irreducibility theorem [16] applied to the ring of polynomials A[x 1 , ..., x m ]. Indeed, via the Kronecker's specialization, this theorem tells us that a ring of irreducible polynomials in m variables can be reduced to a ring of irreducible polynomials in n variables where n < m. 4) According to the Hilbert's irreducibility theorem, it is obvious that the groups SO(2p, R) ∈ H * and SO(2p + 1, R) ∈ H I need not have peremptorily the same rank but this is a prerequisite in order that there is not a breakdown of the endormophism E t which is then called "smooth". . This morphism γ is an emergent morphism according to definition 5, and thus, is unique.
